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r~i Abstract 

Q-f We classify the N = 1,2,3 superconformal Lie algebras of Schwim- 

mer and Seiberg by means of differential non-abelian cohomology, and 
describe the general philosophy behind this new technique. The struc- 
ture of the group (functor) of automorphisms of the corresponding Lie 
conformal superalgebra is a key ingredient of the proof. 

1 Introduction 

The purpose of this paper is two- fold. 

(1) To bring to the attention of the physics community new ideas, which 
for lack of a better word we will refer to as differential non-abelian cohomol- 
ogy, that have recently been used to establish some deep results in infinite 
dimensional Lie theory (see, for example, [2j SI El [6l [Tl [TTl [T2] ) . These pow- 
erful methods, based on the seminal work of Demazure and Grothendieck 
on reductive groups schemes, torsors and descent [HUHIES]' can be adapted 
to the study of Lie conformal superalgebras as explained in [10J by what 
amounts to formally replacing the given base scheme, Spec(C[t ±1 ]) in our 
case, by a differential scheme. 

(2) To complete the classification of the N = 1, 2, 3, 4 superconformal Lie 
algebras by providing a uniform proof of the cases N = 1, 2, 3, exploiting the 
fact that the relevant Lie conformal superalgebras used as base objects for 
the twisted loop construction can be described in terms of exterior algebras. 
We also provide a precise argument that describes the passage from Lie con- 
formal superalgebras to their corresponding Lie superalgebras. (The cases 
N = 2,4 were done in [10] at the Lie conformal superalgebra level only, and 
by ad hoc methods). These Lie superalgebras are more relevant to physics, 
where they are commonly referred to as superconformal Lie algebras. 
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N = 1,2,3,4 superconformal Lie algebras are a class of infinite dimen- 
sional Lie superalgebras which plays important roles in both mathematics 
and physics. They are closed related to the twisted loop Lie conformal su- 
peralgebra based on a complex Lie conformal superalgebra. They were first 
introduced in [5] as the affinization of Lie conformal superalgebras over the 
complex numbers and then realized as differential Lie conformal algebra in 
|10j . Based on the point of view taken in |10j , a twisted loop Lie conformal 
superalgebra has both a complex conformal superalgebra structure and an 
TZ-Lie conformal superalgebra structure where 7Z = (C[t ±:l ], Jj). While the 
complex structure is of interest in physics, it is the ^-structure that allows 
us to introduce cohomological methods. 

The twisted loop Lie conformal superalgebra construction just mentioned 
is highly reminiscent of the way in which the afline Kac-Moody Lie algebras, 
which a priori are defined by generators and relations, are explicitly realized 
in [8]. This classification and construction has recently been established by 
means of non-abelian etale cohomology [11]. Because of the very special 
nature of the algebraic fundamental group of the ring Cf^ 1 ], the loop alge- 
bras based on a finite-dimensional simple Lie algebra q are parameterized by 
the conjugacy classes of the finite group of symmetries of the corresponding 
Coxeter-Dynkin diagram. In particular, if the automorphism group of Q is 
connected, then all loop algebras based on q are trivial, i.e., isomorphic to 
<£>c C[t ]. As the work of Schwimmer and Seiberg had shown, herein lies 
a story. 

A loop inspired procedure as a mean of realizing the A-superconformal 
Lie algebras is given in the striking |13| . In the N = 2 case, the authors 
show that all the objects in what was until then thought to be an "infi- 
nite" family of superconformal algebras were in fact isomorphic, and that 
only two non-isomorphic classes of superconformal Lie algebras existed!! 
This agrees precisely with the what cohomological point of view for algebras 
would predict since in the N = 2 case the automorphism group O2 of the 
corresponding Lie conformal superalgebra has two connected components. 
By contrast, Schwimmer and Seiberg put forward an infinite family of non- 
isomorphic A = 4 superconformal Lie algebras . . . even though in this case 
the automorphism group is connected! How a connected group of automor- 
phism could lead to an infinite family of loop objects, and which cohomology 
can be used to determine them, is explained in |10| . The crucial idea is that, 
unlike the case of algebras, the base ring C[t ] does not contain enough 

1 Certainly to mathematicians. 

2 Strictly speaking their work shows that at most two classes exist. We entertain no 
doubts that it was obvious to the authors that the two classes were different. 
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information to geometrically measure superconformal Lie algebras. It must 
be replaced by the complex differential ring (C^ 1 ],*) where 8 = |. One 
could in fact take an arbitrary derivation. For example, the case of 5 = 
leads to the classification of "current algebras" . 

Forms of a given IZ-Lie conformal superalgebra (A, d) are classified in 
terms of the non-abelian cohomology pointed set H 1 (JZ, Aut(„4)) as ex- 
plained in [10]. In this paper, we focus on the iV = 1,2,3 Lie conformal 
superalgebras. The classification of their twisted loop Lie conformal super- 
algebras will be carried by explicitly computing their automorphism group 
functors and the corresponding non-abelian cohomology sets. 

Concretely, we first review the general theory of differential Lie con- 
formal algebras developed in [10J in Section 2. Then classification will be 
accomplished along the following lines. In Section 3, we compute the au- 
tomorphism group functor of the N = 1,2,3 Lie conformal superalgebras 
/Cat. The construction is quite explicit and we believe of interest to physi- 
cists. In Section 4, we complete the classification of forms of K-n &>C H up 
to isomorphism of IZ-Lie conformal algebras by compute the corresponding 
nonabelian cohomology set. Centroid considerations are then used to show 
that no information is lost in the passage from TZ to C. Finally in Section 5, 
we pass from twisted loop Lie conformal superalgebras to their correspond- 
ing superconformal Lie algebras, and again show that no collapse occurs to 
the isomorphism classes. This completes the classification. 

Notation: Z, N, Q and C denote the integers, non-negative integers, rational 



numbers and complex numbers respectively, i will denote y— T. For a cycle 

(i?0> e iji denotes its sign. 



In this section, we will review the general theory of differential Lie conformal 
superalgebras developed in [lOjH 

Motivated by the affinization of complex Lie conformal superalgebras 
defined in [9] , Lie conformal superalgebras over an arbitrary differential rings 
were introduced in [10]. In this paper, we only consider the Lie conformal 
superalgebras over a complex differential ring D. Thus D = (D, 5) is a pair 

3 This concept is not to be confused with that of superconformal Lie algebra as it appears 
in the physics literature. The two concepts are related, as we will explain in Remark l2,2l 





2 Preliminaries 
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consisting of a commutative associative algebra D over C and a C-linear 
derivation 5 : D -4 D. Complex differential rings form a category, where a 
morphism / : (D, 5) — > (D', 5') is a C-linear ring homomorphism / : D — )• I? 
such that f o 5 = 5' o f. 

Definition 2.1 (([ID], Definition 1.3)). Let V = (D,6) be a complex differ- 
ential ring, a P-Lie conformal superalgebra is a triple (A,d A , (—r n \—) ne ^) 
consisting of 

(i) a Z/2Z-graded D-module A = Aq A\, 

(ii) $.4 G Endc(^4) stabilizing the even and odd parts of A, and 
(hi) a C-bilinear product (a, b) i— >■ at n )b, a,b £ A for each n G N, 

satisfying the following axioms for r G -D, a, 6, c 6 .A, m, n G N: 

(CSO) a (n) 6 = 0for n > 0, 

(CS1) a^(a) (n) 6 = -na {n _ 1} b and a in) d A {b) = a^(a (n) 6)+na (n _ 1) 6, 
(CS2) d A (ra) = rd A {a) + <y(r)a, 

(CS3) a {n) (rb) = r(a (n) 6) and (ra) (n) 6 = ^- eN 5 (j) (r)(a (n+j) 6), 

(CS4) o (n) 6 = -p(a, 6) E ieN (-l) J+n ^' '(^a), and 

(CS5) a (m )(6 (n )c) = YJj=o (7)( a (i) 6 )(»n+n-j)C + p(a,fe)&(n)(a(m)c), 

where <5^ = fA'.OX = i,&> A ,j G N and p(a,b) = (-1)K<*M&) , p ( ) (resp. 
p(6)) is the parity of a (resp. &). 

We also use the A-bracket convention to simplify notation. Recall then 
that 

[o A 6] = J> (n) a (n) &, 

where A is a variable, A( n ) = \ \ n and a, b G A. 

If we consider C as a differential ring with 5 = 0, the C-Lie conformal 
superalgebras defined above coincide with the usual definition found in [9j. 

Let T> = (D, 5) — > V = (D', 5') be an extension of differential rings. A 
P'-Lie conformal superalgebra can be viewed as a P-Lie conformal super- 
algebra in the natural way. Conversely, for a P-Lie conformal superalgebra 
(A,d A ), there is a D'-hie conformal superalgebras structure on A <S)£> 
given by 

cU®z>i>'(a ® r) = d A (a) ®r + a® 8(r), 
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for a G A, r G D', and 

(a®f) {n) (b®g) = Y,( a (n +j )b)®S {j) (f)g, 
jeN 

for a, b G A, f, g G D, n G N. With base change defined we make the following 
definition. 

Definition 2.2. Let T> — > D' be an extension of differential rings and (.A, d) 
a D-Lie conformal superalgebra, a P'/P-form of A is a D-Lie conformal 
superalgebra C such that 

C® V V ^A®v V 

as P'-conformal superalgebras. 

If the extension T>' /T> is a faithfully flat extension, i.e., if the ring exten- 
sion D — > D' is faithfully flat, the set of isomorphism classes of P'/P-forms 
of a 2?-Lie conformal superalgebra A is identified with the non-abelian Cech 
cohomology point set H X {T>' /T>, Aut(A)), where Aut(A) is the group func- 
tor from the category of differential extensions of T> to the category of groups 
which assigns to an extension V of T> the group Aut(„4)(2?') of automor- 
phisms of the P'-Lie conformal superalgebra A ®v V (see Theorem 2.16 

of [E]). 

Remark 2.1. The P-group functor Aut(„4) plays a key role in the classifi- 
cation of T>' jT>- forms of a given P-Lie conformal superalgebra A. Let C be 
such a form. We make the following definition for future use. We say that 
a subgroup functor T of Aut(£) is representable if there exists a scheme X 
over Spec(-D) such that F(£) o± Hom£ ) _ sc i 1 (Spec(i?), X) for every differential 
extension £ = (E,5s) of T>, where the identifications are "functorial on 
Recall that by Yoneda's correspondence if X = Spec(^4) is affine, then 

Homi5_ sc h(Spec(£ , ),X) ~ Hom £) _ a ig( J 4, E). 

In this paper, we are mainly interested in the twisted loop Lie conformal 
superalgebra C(A, a) based on a complex Lie conformal superalgebra (A, d) 
with respect to an automorphism a : A — > A of finite order m. Recall that 
this is defined by 

C(A, (t) = 0X« t n ' m ci% S m , 
where A n = {a G ^4|<r(a) = C^a},n G Z, Q m = e~ and S m = (C^m], <5 t ). 
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The twisted loop algebra C(A, a) is not only a complex Lie conformal 
superalgebra but also an TZ-L\e conformal superalgebra for TZ = (C[i ±:L ], St). 
It is trivialized by the extension S m /lZ, hence also by S = lim(5 m , St)B This 

means that after applying the base change TZ — > S our object "splits". To 
be precise, 

C(A 

where all of the above are isomorphisms of 5-Lie conformal superalgebras. 
In other words, C(A, a) is an S /TZ-form of A®c We will denote in what 
follows the 7?.-conformal superalgebra A <8>c TZ by An- 

Since S/TZ is faithfully flat, the set of 7£-conformal isomorphism classes 
of S/TZ- forms of A®cTZ is identified with the non-abelian Cech cohomology 
pointed set H 1 (S/TZ, Aut(An)) ■ 

Furthermore, if A-ji satisfies the following finiteness condition: 

(Fin) There exist finitely many elements a±, . . . , a n £ An such that the set 
{d e A {r ai )\r e R,£ > 0} spans An- 

(which holds in all of the cases we are interested in), the H 1 (S/TZ, Aut(^)) 
we are after can be identified with the non-abelian continuous cohomology 
H 1 (tti(R), Aut(Aji)(S)) , where tti(R) is the algebraic fundamental group 
of Spec(Z2) at the geometric point Spec(C(i)) (See [ID] . Proposition 2.29). 

In particular for a complex Lie conformal superalgebra A we can con- 
sider Aut(^4), a functor that can be evaluated at any differential ring to 
yield, in doing so, a group. The group functor Aut(^,-^.) considered above 
is nothing but the restriction of Aut(^l) to the category of differential ex- 
tensions of 1Z (such extensions are by definition naturally endowed with a 
differential ring structure). In particular Aut(^4.)(5) = Aut(„4-£.)(5). This 
makes the cohomology set H 1 (S/TZ, Aut(^4^)) computable, which yields 
the classification of S/TZ- forms of A^c^- U P to isomorphisms ofTZ-Lie con- 
formal superalgebras. Then the centroid trick can be brought in to obtain 
the passage from the classification of 7£-Lie conformal superalgebras to that 
of complex Lie conformal superalgebras. 

4 The introduction of S is a useful artifice that allows us to compare loop algebras of 
automorphisms of arbitrary order all at once. 

5 The spirit of this construction is not unlike that of vector bundles, which locally look 
like a well-understood object, namely the trivial bundle. The difference is in the meaning of 
"locally", which is to be understood not for the usual topology of C x , but in a differential 
version of Grothendieck's /pp/-topology on Spec(_R). The trivialization takes place by using 
"only one open set", namely Spec(S). 
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In this paper, we consider twisted loop conformal superalgebras base on 
complex Lie conformal superalgebras JCn,N = 1, 2, 3 which are described in 
[9] as follows: 

Let A(iV) be the Grassmann algebra over C in JV variables £i, . . . , £jv- 
A(iV) has a Z/2Z-grading given by setting each i = 1, . . . , JV to be odd. 
This gives A(iV) the structure of a complex superalgebra. A(JV) also has a 
Z-grading in which each i = 1, . . . , JV has degree 1. If / is homogeneous 
with respect to the Z-grading, we denote by |/| the degree of /. The complex 
Lie conformal superalgebra /Cat is the naturally Z/2Z-graded complex vector 
space 



where f,g G A(JV) are homogenous elements with respect to the Z-grading, 
and di is the derivative with respect to £j, i = 1, . . . , JV. 

Remark 2.2. Every twisted loop Lie conformal superalgebra C(A, <r) based 
on a complex Lie conformal superalgebra (A, a) naturally corresponds to a 
complex Lie superalgebra: 



where the Lie bracket comes from the zeroth product of C(A, a). The classi- 
fication of loop algebras based on a complex Lie conformal superalgebra A is 
thus related, in an essential and meaningful way, to that of their correspond- 
ing Lie superalgebras. The Lie superalgebras corresponding to the twisted 
loop superalgebras base on complex conformal superalgebras /Cat, JV = 1, 2, 3 
are exactly the JV = 1, 2, 3 superconformal Lie algebras described in [13) . We 
shall study these algebras in Section 5. 



equipped with the 



K N = C[d] ® c A(JV) 
nth product for each n £ N given by 




f{n)9 



0, n > 2, 



Alg(A a) = C(A, <r)/[d+-) C(A, a) 
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3 Automorphism groups of the TV = 1, 2, 3 Lie con- 
formal super algebras 

The underlying vector space of the complex Lie conformal superalgebras A 
that we are interested are all of the form 

A = C[d] 0c V 

for some complex vector superspace V. In particular, A is a free C[d]- 
supermodule, and has a natural Z-grading (as a superspace) with A n = 
Cd n <S>c V- Let 4> £ Aut(^4). Since <f> commutes with the action of d to ask 
that cf) preserve the Z-grading is the same than to ask that 4>(1®V) C 1(g) v|§ 
This leads us to consider a natural subgroup functor GrAut(^4) of Aut(„4) 
defined by 

GrAut(.A)(2?) = {0 G Aut(A)(V)\(f) (C ® c V ®c D) C C ® c V ®c D) , 

for all complex differential ring T> = (D, 5). The preservation of degrees is a 
natural condition to impose, and it carries also a physical meaning. 
For K.N-, N = 1, 2, 3, the subgroup functor is defined by 

GrAut(/Cjv)(£>) 

= {</>€ Aut(/Cjv)(2?)|0 (C A(iV) 8 C 0)CC ® c A(JV) ® c £>} , 

where P = (D, <5) is an arbitrary complex differential ring. 

The next theorem gives a precise characterization of the group functor 
GrAut(ZCAr), N = 1, 2, 3. We will also show that the functors GrAut(/Cjv) 
and Aut(/Cjv) are equal when evaluated at complex differential rings that 
are integral domains, in particular at S = (C[t 9 ,q G Q], 4). 

To simplify our notation, we set <9 = d ® id + id <8> 5, which can be viewed 
as an operator on JCn®cT>. And for convenience we identify / G A(iV) with 
its image (1 <g> /) <g) 1 in /Cat <g>c T>. 

Theorem 3.1. LetD = (D,5) be an arbitrary complex differential ring. For 
N = 1,2,3, there is an isomorphism of groups 

l v : O n (D) -4 GrAut(7Civ)(£>), A = (a ij ) NxN ^ <f> A , 
6 The inclusion is necessarily an equality since cj> is surjective. 
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where 4>a £ GrAut(/Cjv)(f ) *s given by the following data: 

• For JV = 1, <f> A (l) = 1 and 0a(6) = 6 ® oil- 

• For N = 2, 

= 1 + 66 ® r, </>a(6) = 6 ® an + 6 ® a 2 i, 

</>a(66) = 66 ® det(vl), </> A (6) = 6 ® 012 + 6 ® A22, 

r\ , , r 



where ( Q J = 25(A),4 i . 
• ForN = 3, 

3 3 

4>A(1) = 1 + ^ £mn«6n6 ® H, <M(6) = X) & ® ^ + ® Sj, 

1=1 1=1 

3 

0a(666) = 666 ® det(A), 0a(66) = ^7 ^ e mnl'Cm^n ® M'h 



V=l 

i,j = 1, 2, 3, i 7^ j, where Ayi is the cofactor of am in A and 

= 2(5(A)^ T , 






?"3 


~T2 


-7*3 





r\ 


r 2 


-n 








S3 




-S3 





Si 


S2 


-si 






This construction is functorial on T>. In particular On — GrAut(/C7\r)- 

Proof. For A £ Ojv(-D), the data given in the theorem defines an D-module 
homomorphism <p A ■ A(iV) ®c -D — )• A(iV) ®c D. One establishes that </>a is a 
module isomorphism by explicitly checking that <f>A-i is its inverse. Then 4>a 
can be extended to a unique -D-module isomorphism K-n ®c T> ^ K-n ®c 
which is also denoted by 4>a, such that do(pA = <pA°d. A direct computation 
shows that 

Mlf ® US ® 1]) = [<M/ ® 1)a<£a(s ® 1)] 

for all f,ge A(N). Since /Cjv = C[8] ®c A(JV) is a free C[d]-module, we de- 
duce that 4>a S Aut(/Cjv)(^) by [ID] . Lemma 3.1(h). Moreover, we observe 
that </>a G GrAut(/CAr)(P) by the definition of (pA- 
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The above yields a function t-jy : On(D) — > GrAut(/Cjv)(f ) such that 
A i ^ A . For 0i,02 G Aut(/Qv)(£>), <£i = 02 if and only if 0i(/) = 2 (/) 
for all / G A(N) by [10], Lemma 3.1(i)J3 In particular, for A,B<E O n (D), 
4>abU) = {4>A ° 4>b)U) for all / G A(N), thus 0ab = 4>A° <Pb, i-e., Lv is a 
group homomorphism. By the same reasoning A = B if 0a(/) = <pB(f) f° r 
all / 6 A(iV), so that is injective. 

It remains to show that ix> is surjective, namely that given an automor- 
phism G GrAut(/CAr)(P) there exists A E On(D) such that = 0a- 

Case iV = 1: Since 0(C ® A(l) <g> D) C C <g) A(l) (8) £> and preservers 
the Z/2Z-grading of K,\ <S>c we may assume that 0(£i) = £i ® r for some 

Since _1 E GrAut(/Cjv)(D), we may also assume that _1 (£i) = £i<8>s 
for some s G D. Then o 0~ 1 (£i) = £i <8> rs = £i (g) 1. Thus rs = 1. i.e., r is 
an unit in D. 

We deduce from 0(£i) = £i ® r that 0(1) = -20(£i) (o) 0(£i) = 1 <g> r 2 . 
While, 0(l)(i)0(l) = —20(1) implies that r 4 = r 2 . Since r is an unit in D 
we obtain r — 1. In particular, r G Oi(.D) and = r . 

Case iV = 2: 0(C A(2) ®fl)CC0 A(2) <g> D and preservers the 
Z/2Z- grading of /C2 <£>c f yield 

<X£i) = £1 ® an + 6 ® a 2 i, and 0(£ 2 ) = £1 ® «12 + 6 ® 022, 

where ay G D,i,j = 1,2. 

Let >1 = (ay)2x2- Since has an inverse in GrAut(/Cjv)(^), the matrix 
j4 is necessarily invertible. Now 

<?H£i6) = -0(£O(l)0(6) = £16 ® (011022 - ^21012) = £16 ® det(^). 

Choose c,r £ D such that 0(1) = 1 ® c + ^1^2 ® r. From 0(l)(i)0(£i£2) = 
—0(^1^2) we deduce that c- det(vl) = det(-A). Since ^4 is invertible, det(^4) 
is an unit in D and therefore c = 1. 

Since <X£j)(o)<K£j) = — 5^(1)j we have 

a lj + a 2j = 1) anc f r = 2 (<5(«ij)«2i - aij5(a 2 j)), j = 1, 2, 

while 0(£i)(o) 0(62) = — §d0(£i£ 2 ) implies that anai 2 + a 2 ia 2 2 = 0. Thus 
7 This useful result will be used repeatedly in what follows without further reference. 
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A = (a,ij) <E 2 {D) and 

r = (5(a u )a 21 - a 11 5{a 2 i)) + {5(a 12 )a 22 - 012^(022)) 
= {$(au)a 21 - an5(a 2 i)) + (S(a l2 )a 22 - ai 2 5(a 22 )) + (5(ono 2 i + ai 2 a 2 2) 
= 2(5(a u )a 21 + 8(a 12 )a 22 ), 

i.e., ^ = 25{A)A. It follows 0(/) = <f> A (f) for all / € A(2). Hence, 

= 4>A- 

Case N = 3: By reasoning as above we may assume that 

(3.1) 0(6) = 6 (8) ay + £2 (8) a 2 j + £3 (g> a 3i + 666 <8> Sj, 

where aij,Sj £ D,i,j = 1,2,3, and that the matrix A = (a^) is invertible. 
For i 7^ j, we have 

(3.2) 0(66) = -0(6)(i)<K6-) 

= 66 ® (ou02j - a2j«ij) + 66 ® (a2i0 3 j - a 3 ;a 2 j) 

+ 66 ® (asia 2 j - a 2i a 3j ) 
= eijfc(66 <8 ^3fc + 66 ® A lk + 66 ® A 2fc ), 
where A^ is the cofactor of in A. While, 

(3.3) 0(666) = -20(66)(i)^(6) 

= 666 ® (^130l3 + -423023 + ^33033) 

= 666^det(A). 

Write 0(1) = 1 (8) c + 66 ® ^3 + 66 ® r 2 + 66 ® ri, c, r,- € D,j = 
1,2,3. Then 0(1) (1) 0(666) = "2X666) yields c-det(A) = det(A). Thus 
c = 1. We will show that A G 3 (D). First, 0(6)(O)<K6) = -^i 1 )^ = 
1,2,3 yields 

a ij + a 2j + a ij = h 3 = !, 2 i 3 > 

and for i / j, 0(6)(o)<K6) = _ 5^(^6) im P n es 

0'iiO'ij + a 2 ia 2 j + a 3 ja 3:) ' = 0. 

Thus, A= (aij) G 3 (D). 

Finally, we consider rj,Sj,j = 1,2,3. Since 0(l)m0(6) = —§0(6); 
J = 1,2,3, 

^mn(a m jr„ - a nj T m ) = <K%), and nay + r 2 a 2j + r 3 a 3j - = Sj, 
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for l,j = 1,2,3. Writing the first equation in matrix form, we obtain 
(3.4) 



1 

2 



r-2 












n 




-n 




















r% 


-n 





2<5(A)A T , 

because A € 03(D). A direct computation shows that 
2A T S(A) = A T 



( 






>'3 









ri A 


r 2 


-n 


/ 

3 







E nA l3 


3 




1=1 



J2nA 



13 



i=l 
3 

E r ^ 



/2 



3 



Z=l 



E^ -E r ^< 

V 1=1 



11 



1=1 



Since A 6 03(D), Ay = det (A)ay, i, j = 1,2,3. So 

3 3 
E r ' A? = det(A) ^2 naij = det(A)sj 



1=1 



Hence, 





'•• 


•53 


-S2 


(3.5) 







Si 




V S 2 


-si 






Summarizing ()3. 1[) (|3.5j) . we obtain (f>(f) = 4>A(f), for all / G A(3). Hence, 

4> = 4>a- □ 

Corollary 3.1. GrAut(ZCAr), N = 1,2,3, is representable by a smooth 
affine C-scheme of finite type. □ 

Recall that for the classification of twisted loop Lie conformal superalge- 
bras based on /Cat the crucial group to compute is Aut(/Cjv)(5). The next 
theorem shows that Aut(/Cjv) and Oat coincide when evaluated at complex 
differential rings that are integral domains. In particular for S. 
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Theorem 3.2. Let V = (D, 5) be a complex differential ring such that D is 
an integral domain. Then for N = 1,2,3 the natural inclusion 

GrAut(/Cjv)(2?) C Aut(/Cjv)(I») 

is an equality. 

Proof. We have to show that every <\> G Aut(/Cjy)(P) satisfies 

(C C A(iV) %D)CC 0c A(JV) 0c £>• 

Case iV = 1: Since (/Ci 0c ^)i = 0c 6 ®C and 4> preserve the 
Z/2Z-grading of /Ci 0c £>, we may assume that 

M 



n=0 

where s n G -D, n = 0, . . . , M and sm / 0. Then 

M M 



mi)xm)] = - \ E E(- A ) m (£ + w ® while 



<KEu£l]) 



m=0 n=0 



The leading term (i.e., the term with highest degree with respect to A) in 
the right-hand sides of above two equations are |(— 1) M+1 A 2M (1 s 2 ^) and 
— ^0(1), respectively. Since D is an integral domain, sm implies s 2 M ^ 0. 
Thus [<X6)a0(6)] = <X[6a6D yields M = 0, i.e., 

0(6)=6®so, 

and 0(1) = -2[<X6)a<M6)] = 1 ® *§■ Hence, 

(f> (C A(l) D) C C A(l) D. 

Case iV = 2: Write 0(66) = E™=o ^ m ( 1 ® s ™) + x with x G C t 9 ] ® 
66 ® D, s m € D, m = 0, . . . , M, s M ± 0. Then 

o = [<X66)a0(66)] 

M 

= E (" A ) m (^ + A) n (-ai s m s„ - 2 <5(s m )s n - A2 s m s n ) 

m,n=0 



+ 



M 



E^ m (!®^)AX 



m=0 



+ 



M 

x A E ^ m u 

m=0 
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Observing that all terms in the last row of the above equation are contained 
in C[d] ®£i&®D and (/C 2 ®cDk = (C[<9] <g> 1 <g> © (C[d] <g> 66 ® #), we 
obtain 

M 

= E (- X ) m + X T( dl ® s m s„ + 2 ® 5(s m )s n + \2® s m s n ). 

m,n=0 

By comparing the coefficients of A it follows that s 2 M = 0, hence that sm = 
since D is an integral domain. This contradicts our assumption that sm / 0. 
Thus 

M' 

0(66)=*= E^(66®c m ), 

m=0 

where c m G D, m = 1, . . . , M', cm> / 0. 
Similarly, we may assume that 

M' M 

0(1) = E 9 m (l ® O + £ ^(66 ® r m ), 

m=0 m=0 

where r' m ,, r m £ S, m! = 0, . . . , M' , m = 0, . . . , M. Then [0(1) A 0(66)] = 
-(d + A)0(66) yields r'~c M , = if M> + M' > 0. Since c M ' / and D is 
an integral domain, r'~ = if M' + M' > 0. Thus M> = M' = 0, i.e., 

^(66) = 66 ® c, 

M 

0(l) = l0r'+^3 m (£ 1 £ 2 ©r m ), 

m=0 

where 0/r'eD and r m e D,m = 0, . . . ,M. 

Now we consider the odd part (/C 2 8 c ^)i = C[d] (8) (C6 © C£ 2 ) ® D. 
Write 

0(6) = £ ^ ® a ^,m) + £ ^ ® a 2j ,n), 
m=0 n=0 

where Ojj m G D,i,j = 1,2, and m = 0, . ..,My. Then it follows from 
[0(6)a0(66)] = 4<K6) and [0(6)a0(66)] = |0(6) that 

0(6) = 6 © on + 6 © «2i, and 0(6) = 6 ® «12 + 6 ® a 22 , 
where a^- G D,i,j = 1, 2. 
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Next, we consider 0(1). We deduce from [0(l) A 0(£j)] = — (6 + §A)0(6), 
i = 1,2 that (f)(1) = 1 ® r' + 66 ® ro, where r', ro G D. It follows that: 

(C A(2) ®D)CC® A(2) D. 

Case A = 3: Let B = C[d] ® c © C&6 © C66), then 

(/C 3 ®c = (C[9] ® 1 ® £>) (£ ®c £>)• 

We may assume 0(66) = Em=o 9 m (l ® s m ) + Xjj, i ^ j, where s m G D and 
Xy G B®cV. Since B®cD is an ideal of (/C 3 ®c£>)o an d [0(66)a0(66)] = 0; 
we deduce that s| f = 0. Then sj,/ = because D is an integral domain. 



It follows that 0(66) = Xij G B ®c Hence, 0|,B(g) C x> is an automorphism 
of the P-Lie conformal superalgebra B ®c f • Since £? ~ Curr(s03(C)) and 
303(C) is a finite-dimensional simple complex Lie algebra, by |10j Corol- 
lary 3.17, we obtain 

(3.6) 0(66) = ^(66®63z + 66®&iz + 66®M, i^j, 

where (fy'/)3x3 G GL-^^D). Next we consider (j)(l). 
Claim: 

(3.7) 0(1) = l+66®r 3 + 66® ri +66® r 2 , ri,r 2 ,r 3 eD. 

Indeed, we can write 0(1) = ^™ =0 5 m (l®s m )+x with Si G = 0, . . . , 
M, x G B®tcV. We may assume sm 7^ because is an isomorphism. Then 



[0(1)a0(1)] 



M 

Y. 

m,n=0 



(-A) m (<9 + A) n (-<91 



SvnSv- 



2 ® <5(s r . 



+ 



M 



^a m (i® Sm ) A x 



,m=0 



+ 



x A 



]Td™(l®s n ) 



ra=0 



A2 



+ [x\x]. 



Note that all terms in the second row of the above equation are contained 
in C[A] ®c B ®c T>. If M > 0, we deduce that s 2 M = by comparing 
the coefficients of A 2M+1 in [0(1) A 0(1)] = -{6 + 2A)0(1). Since D is an 
integral domain, sm = 0. This contradicts sm 7^ 0. Hence, M = 0, i.e., 
0(1) = 1 ® s + x with x G B ®c P. 

[0(1) A 0(1)] = -61 ® sg - 2 ® 5(s )s - A2 ® 

+ [(1 ® s ) A x] + [jca(1 © s )] + [x A x], 
-(5 + 2A)0(1) = -61 ® s - 1 ® 5(s ) - A2 ® s - (6 + 2A)x. 
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It follows that Sq = so- Since so / 0, so = 1 because D is an integral domain, 
i.e., 0(1) = 1 + x with xe6® c D. 

We further write x = J2iLo 9* (66 ® J" 3 j + 66 ® n« + 66 ® r 2 i),r 2 i G 
L>. Observing that 0(66) = e ijfc(66 ® &3fc + 66 ® + 66 ® &2fc), we 
obtain 

[^(i)a0(66)] = -^(966 ® b 3k + 966 ® 6ik + 966 ® & 2 fc) 

- eyfeA(66 ® &3fe + 66 ® 6ifc + 66 ® b 2k ) 

N 

+ tijh ^(~ A )'(66 ® (nz&2fc - r 2 j6ifc) 
+ 66 ® (r 2 j&3fc - r 3 /62fc)) 

AT 

Z=0 

Note that 

-(5 + A)0(66) = -eyfc(966 ® 6 3 fc + 966 ® 6i* + 966 ® 6 2 fc) 

- eyfe(66 ® <5(&sfe) + 66 ® (J(6ifc) + 66 ® 5(6 2fe )) 

- e»jfcA(66 ® &3fc + 66 ® 6ifc + 66 ® b 2k ). 

Then [0(1) A 0(66)] = -(9 + A)0(66)^,i = 1,2,3,*^' imply that 

rubjk - rjibik = 0, 

for all i, j, k = 1, 2, 3, i ^ j, I ^ 1. In matrix form, these are equivalent to 



(0 -r 3 i tii 
r 3 i -r u 
-rn r lt 





&12 


&1 3 \ 


)6 


&22 


^23 




&32 


^33/ 



Hence, = r 2 \ = r 3 \ = for all Z ^ 1 because (6^)3x3 G GL^D), i.e., 
0(1) = 1 + 66 ® r 30 + 66 ® Ho + 66 ® r 20 , 

where no, r 2 o, ^30 G -D. This completes the proof of the claim. 

Next, we consider the odd part (K 3 ®c First [0(66)a0(666)] = 
for all i £ j yield that 0(666) = £™ = 0# m (666 ® c m ),c m G £>. 
Considering [0(1)a0(666)] = -(9 + ^A)0(666), we deduce that 

(3.8) 0(666) = 666 ® c, O^cGD. 
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A similar argument applies to 4>(£j). From [(X6)a</>(666)] = ejmnH$mtn) 
and [0(1)a0(&)] = -(5+ §A)</>(fj), we obtain 

(3.9) <p(£j) = £l <8) aij + £2 ® a2j + 6 ® a 3 j + 666 ® Sj, 

where a, L j,Sj G -D. Summarizing (|3.6p to (|3.9p . we obtain 

</> (C A(3) ® D) C (C ® A(3) Z>) . 

This completes the proof. □ 

Remark 3.1. The integral assumption on D is not superflous. Consider 
the complex differential ring T> = (D,5), where D = C © Cr, t 2 = (the 
algebra of dual numbers) and 5 = 0. For the P-Lie conformal superalgebra 
K 1 ® C T> = C[d] 0c (C © C£i) ©c D it is easy to check that 

(j)(d e ®l®s) = d e (2)l(3s + d t+1 ®1®ts,£^0,s e D, 
<f){d e ® 6 ® s) = & <g> 6 ® s + 3 m ®(i0rs,f>O,s£D, 

define an automorphism of the P-Lie conformal superalgebra of /Ci <8>c ^ • 
But GrAut(/Ci )(£>). 

4 Forms of the A/" = 1, 2, 3 Lie conformal superalge- 
bras 

In this section, we classify the twisted loop Lie conformal superalgebras based 
on the complex Lie conformal superalgebra JCn,N = 1,2,3. As previously 
mentioned, the classification can be completed in two steps. The first step is 
to classify the 5/7£-forms of /Cat®c7£, and then look at the passage from iso- 
morphic classes of the IZ-Lie conformal superalgebras to isomorphic classes 
of the complex Lie conformal superalgebras. Recall that S = C[t q , q £ Q] is 
the algebraic simply connected cover of R = C[t ], and that the algebraic 
fundamental group tt\(R) of Spec(i?) at the geometric point Spec(C(t)) can 
be identified with Z = limZ/mZ via our canonical choice of compatible roots 

i2-n- 

of unity £ m = e ™ . The explicit continuous action of the profinite group Z 
on S is given by HPl m = Cmt p/m , where 1 is the image of 1 in Z under 
the canonical homomorphism Z — > Z0 We thus have natural continuous 
actions of tti(R) on Aut(/Cjv)(<5) and On(S),N = 1,2,3. Note that the 
isomorphism 1 : On(S) — > Aut(/Cjv)(<5) is 7Ti(i?)-equivariant. 

8 The continuous action of Z is determined by the action of 1 because Z is dense in Z. 
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Theorem 4.1. Let N = 1,2,3. There are exactly two S/lZ-forms (up to 
isomorphism of IZ-Lie conformal superalgebras) of K-n ®<c These are 
£ (/Cat, id) and jO(ICn,^n), where cjjv : K-N — > K-N is the automorphism 
of the complex Lie conformal superalgebra ICn given by 

loi : 1^1, 6 i-> ~6j 

w 2 : 1^1, 6 ^ 

6 h> 6, 66 h> -66, 

66 ^ 66' * ^ i> 666 >-> -666- 

Proof. By [10] Theorem 2.16, the tS/7£-forms of ICn (8>c ^ are parametrized 
by the non-abelian Cech cohomology set H l [S/TZ, Aut(/C^)) . 
Since /C^v ®c H is spanned by 

{a £ (r/)|r eR,£^0,f = & . . -6 t , 1 < k < • • • < H < 

we see that 7£-Lie conformal superalgebra /Cat ®c 7?. satisfies the finiteness 
condition of Proposition 2.29 of [10j . and this allows us to identify the coho- 
mology set H 1 (<S /1Z, Aut(/Cjv)) with the "usual" non-abelian (continuous) 
cohomology set H 1 (ni(R), Aut(/Cjv)(5)) . Our problem is thus reduced to 
computing H 1 (tti{R), Aut(JC N )(S)). 

The loop algebras £(JCn, id) and C(ICn,^n) correspond to the classes [a] 
and [/3] in i? 1 (jri(R), Aut(/Cjv)(«S)) given by the (constant) cocycles a,/3 : 
tti(R) — >■ Aut(/Cjv)(<5) defined by 1 i— )• id and 1 h-» wjv, respectively. 

Since the isomorphism t : Ojv(S') — > Aut(/Cjv)(<5) of Theorem 13.11 is 
7Ti (i?)-equivariant we are reduced to determining i^ 1 (Z, Oat (5)) . The classes 
in H 1 (Z, Ojv(iS')) corresponding to [a] and [/3] will be still denoted in the 
same way. 

Consider the split exact sequence of Z-groups 

(4.1) 1 — ► SO N {S) — ► Oat(5) Z/2Z^ 1, 

where Z acts on Z/2Z trivially and "det" is the determinant map. It yields 
the exact sequence of pointed sets 

(4.2) fl^Z.SOjvCS)) H 1 (%O n (S)) ^ H l {%Z/2Z). 

Since Z acts on Z/2Z trivially, we have i/ 1 (Z, Z/2Z) ~ Z/2Z. Since the 
short exact sequence (|4.ip is split, ?/> admits a section hence is surjective 
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by general considerations. This is also explicitly clear in our situation since 
ip visibly maps [a] and \j3] to the two distinct classes in iif^Z, Z/2Z). It 
remains to show that ip is injective. 

The fiber of ip over the trivial class of .ff^Z, Z/2Z) is measured by 
H 1 (Z, SOjv(<S')) , while the fiber over the non-trivial class is measured by 
ff 1 (Z, /3 SO JV (5)) where ^SOiv is the group scheme over R obtained from 
SO at by twisting by /^Jl Since every finite connected etale cover of 
Spec(C[t ±1 ]) is of the form Spec(C[i ± ™]) with m a positive integer, all such 
covers have trivial Picard group. By [TT], Theorem 3.1 (i) Hl t (R,&) van- 
ishes for every reductive group scheme <5 over R, in particular for SOtv and 
^SOjv- On the other hand by the isotriviality theorem of [U [5] we have 
Hl t (R,e) ~ F 1 (7ri(i?),0(5)) = tf^Z, ©(£)). This finishes the proof of 
injectivity. □ 

Now we consider the relation between isomorphism of twisted loop al- 
gebras based on Km as 7£-Lie conformal superalgebras and isomorphism of 
these objects as complex Lie conformal superalgebras. Recall that for any 
7£-Lie conformal superalgebra A, the centroic0 Ctd-ji(A) is defined to be 

Ctdn(A) = {x S End R . sraod (A)\x(a( n )b) = a( n )x(6) for all a,b € A,n € N}, 

where End^_ smo( i(»4) is the set of homogeneous i?-supermodule endomor- 
phisms A — > A of degree 0. 

Lemma 4.1. Let A = £(/Ctv,ct) where a is an automorphism o//Cjv of order 
m, where N = 1,2, 3. Then the canonical map R — > Ctdc(A) is a C-algebra 
isomorphism. 

Proof. Recall that for r £ R, there is an endomorphism r_4 : A — > A, a t— > ra, 
which is an element of Ctdc(-4,)- Then the canonical map R — > Ctdc(.A) is 
defined by r i— > rj±. Since a o d = d o u, we obtain, 

(4.3) 

(^Cjv)i ={ae JC N \a(a) = (^a} 

= C[d] (8>c span c {/ G A(N)\a(f) = Qnf an d / homogeneous}. 
Recall that 

m— I 

A = (^N)i ® t ^C^ 1 ] C K N 0c S, 

i=0 

Strictly speaking the twist is by the pullback ip* ([/?]). The abuse of terminology and 
notation is standard. 

1 The centroid of a 7?.-Lie conformal superalgebra is originally defined in [10] Section 2.4, 
which is analogous to the centroid of root graded Lie algebras studied in pQ. 
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and 

/Cjv<8>c«S= @ (£n ®c <S)i,k, 



k=0,...,N 



where (KLn <X>c $)l,k = {(^/) ® s \f £ A(iV) homogeneous of degree k,s E S}. 
Hence, 



(4.4) .4= (^n(/Cjv0 c 5)^ 



fc=0,...,JV 



f G A(iV) homogeneous, 
s G S and £ ^ such that d l f ®s £ A 



Let x G Ctdc(A). Let L = -1 ® 1 G A For / G A(iV) homogeneous of 
degree |/|, 

£(i)((^/)®a)= (2 + *-i|/|)(3V)®*, Vsg£,O0. 

We therefore see that JCn <8>c <5 can be decomposed into the direct sum of 
eigenspaces of and 

(JCn <S>c 5)2 = {a G /Cat <8>c = 2a} 

= span c {l (g> s, (d£i£j) <8> s'|i < j, s, s' G S}. 

Applying \ on ^(l)-^ = 2£ we obtain L^x(L) = 2%(L), thus we may assume 
that 

= L ® r + ^(a^j) ® Sy, 

where r, Sjj G S 1 . Then 

= x(L(2)L) = L (2) (L ®s) + Y, L(2) {(d&tj) ® Sy) = 2 ® a -. 

It follows Sij = 0,i < j. So x{L) = L®r and r e R because x(L) = L ® 
r G A 

For / G A(iV) homogeneous of degree |/| and s£S such that /(g) s G A, 
2-^|/|) X(f ® a) = x((/ ^ s) ( i)L) = (/ 



= (/® s ) (1) L®r = (2- ±|/|)/<g> sr. 
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Since \f\ ^ 3, 2 - ^ 0, thus X (f ® *) = / ® »r. ^ 

Let / G A(iV) homogeneous of degree |/|, s G S and £ ^ such that 
(<9 m )/ 0s£l By (|43D, we have (5'/) 0seA Then 

X((d l+1 f) ®s)= x(L (0) ({d l f) ® a)) = L {0)X ((d l f) ® a). 

By induction, x{(d £ f) ® a) = (c^/) ® sr for all £ > 0, s G 5 such that 
(S*/)®s€A 

Therefore, f[4.4j) implies x( a ) = ar f° r an «£A Thus the canonical map 
R — > Ctdc(«4) is surjective. Injectivity is clear. □ 

Theorem 4.2. There are exactly two twisted loop Lie conformal superalgebra 
(up to isomorphism of complex Lie conformal superalgebras) based on each 
/Cat, iV = 1, 2, 3. These are C(1Cn, id) and C{K,^, wjv). 

Proof. Each twisted loop Lie conformal superalgebra based on /Cat is an 
5/7^- form of ICn^qIZ. It follows from Theorem 14. 1 1 that there exists exactly 
two of them up to isomorphism of 7£-Lie conformal superalgebras, namely 
£ (/Cat, id) and £(ICn,un)- By Lemma [4.11 and Corollary 2.36 of [TO] we 
conclude that C (/Cat, id) and C()Cn, ^n) remain non-isomorphic when viewed 
as complex Lie conformal superalgebras f^l □ 

5 Passage from Lie conformal superalgebras to su- 
perconformal Lie algebras 

In the previous section, we have shown that there are only two twisted loop 
Lie conformal superalgebras based on ICn up to isomorphism of complex 
Lie conformal superalgebras, namely £(/C/v,id) and C(K,n,^n)- By fac- 
toring the image of d + 5t, we obtain two Lie superalgebras Alg(/Cj\r, id) 
and Alg(/Cjv, u)n). The crucial point is that these two Lie superalgebras 
are non-isomorphic. They can be distinguished by the eigenvalues of the 
Virasoro operator^ In this section, we will give a rigorous proof of this 
non- isomorphism statement when N = 3, which is the most involved of all 
three cases. 

11 The situation is quite different for loop algebras based on finite-dimensional simple 
algebras. Here non-isomorphic objects over R may become isomorphic when viewed as 
complex algebras. Remarkably enough, this does not happen in the case of Lie algebras. 
The reason is that in the outer group of automorphisms (symmetries of the Dynkin dia- 
gram), every element is conjugate to its inverse. See [11] for details. 

12 For N — 4 this argument is mentioned, without proof, in [10] , 
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Let Alg(/C3,id) = £(£3, id)/(<9 + 6t)C(}Cs, id), where the Lie bracket on 
Alg(/C3,id) is given by the zeroth product of £(/C3,id). For a G £(/C3,id), 
let a be its image in Alg(/C3, id). Set 



T m = 2ie -,&& t m , * a = -2i£i&& ® t a - 



for i = 1, 2, 3, m € Z, a G ± + Z. Then {L m , T^, G* Q , * a |i = 1, 2, 3, m € Z, 
a G ^ + Z} is a basis of A\g(K^, id). For m, n G Z, a, /3 G ^ + Z, i, j = 1, 2, 3, 
the following relations hold: 

[L m , L n ] = (m — n)L m + n , [L m ,T^] = — nT^ +n , [T^,Tn] = ie^T^.^, 

[im, * a] = " + aj *m+a, * Q ] = 0, [* a , V p] = 0, 

[L m , G l a \ = (y^ m - c^J G l m+a , [T^, G 3 a ] = ieijiG l m+a + 5ijm^ m+a , 
[Gi, Vp] = T* +/3 , [G» Q , G£] = 2<%L a+/3 + ie^a - P)T l a+p . 

Next we consider Alg(7C3,a;3) = C(K.z,0Jz)/(d + St)jC()Cs,cos), where the 
Lie bracket is given by the corresponding zeroth product as before. Since 
6^3 acts on the even part (£3)0 as the identity and on the odd part (£3)1 as 
—id, we have by definition 

£(/C3,w 3 ) = ((/C 3 )o®cC[t,t- 1 ])e((/C 3 )i®c^C[t,t- 1 ]). 
As before for a G £(£3,0^3) we let a denote its image in Alg(/C3, W3). Let 



L m = -l®t™+\ GL=2£i®t 



m - — ' 



T m = L>H t m , * m = "2i666 ® t" 1 - 3 , 

for i = 1, 2, 3, m G Z. Then {L m , T^, G^, Vl/ m |z = 1, 2, 3, m G Z} is a basis of 
Alg(/C3,W3) and these elements satisfy the following relations for m, n G Z 
and i, j = 1, 2, 3: 

[L m , L n ] = (m - n)L m+n , [L m , 2j] = -nT^ +n , [2* , 7# = ie^Tj^, 

[im, *n] = " + *m+n, *„] = 0, [* m , *„] = 0, 

[L m , G£J = ^-m — GJ„ +n , [T^, G^] = ieijiG l m+n + 5ijm^/ m+n , 

[Gl, *n] = ^ +n , ' [G* m , G&] = 2<%L m+n + ie ij7 (m - n)T l m+n . 
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To prove that these two Lie superalgebras are not isomorphic, we first 
establish an auxiliary useful Lemma. Consider the subspace of Alg(/C3,id) 
and Alg(/C3, W3) with bases composed of the respective {L m ,T^|i = 1,2,3, 
m G Z}. The above relations show that these are in fact sub Lie superalgebras 
which are isomorphic. We will denote them by g. 

Lemma 5.1 ([Rigidity of the Virasoro element]). If <f> is an automorphism 
of 0, then <p(L ) = ±L . 

Proof, g can be decomposed into the direct sum of weight spaces with respect 
to Lq, i.e., 

= 00n, 

n<=Z 

where n = {x G 0|[Lo,x] = nx} = span c {L_„, T\, i = 1,2,3}, n G Z. If 
x G n we say that x is homogeneous of weight n and write wt(x) = n. Note 
that [0 m ,0„] C 

Recall that an element x of a Lie superalgebra over C is called locally 
finite if for every fixed y G 0, {(adx) ra y, n G N} spans a finite-dimensional 
subspace, or equivalently, every element of lies inside a finite-dimensional 
adx-stable subspace. We first show that the locally finite elements of are 
precisely the elements of 0o- For n > 0, let x be an arbitrary non-zero 
element in g n . We claim that there exists a homogeneous element y G such 
that (adx) m (y) / and wt((adx) m (y)) < wt((adx) m+1 (y)) for all m G N. 

We may assume x = aL_ n + b\T\ n + 6 2 T 2 n + hT^ n . If a / 0, let 
y = L_ 2n , then 

(adx) m (y) = m\a m n m L„ {m+2)n + c lm T\ m+2)n + c 2m T 2 (m+2)n 

+ c 3m^ 3 ( - m+2 - )n 

and wt((adx) m y) = (m + 2)n, m G N. If a = 0, x = 6iTl n + 6 2 T\ + b 3 Tl n 
with (61,62,63) 7^ (0,0,0). Take y = then 

(adx) m (y) = n(n + 1) • • • (n + m - l)(6iTi n _ m + &2?Vm + 6 3 r^ n _ m ) / 

and wt((adx) m y) = m + n. 

Now, let x G be locally finite, we can write, x = x_m' + ■ ■ ■ + 
x + • • • + x M with xi e gi,l = -M', ... ,M and M' , M ^ 0. If M > 
and xm / 0, then there is a homogeneous element y G such that 
wt((adx M ) m y) < wt((adx M ) m+1 y)- Then 

(adxHy) = (adx M ) m (y) + £ 

wtz<wt((ad:r M ) m (j/)) 
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Thus {(adx) m (y)\m 6 N} is linear independent. This contradicts the locally 
finiteness of x. So M = 0. Similarly, we can prove M' = 0. Hence, x £ go- 
Conversely, it is easy to check every elements in go is locally finite. More- 
over, since [Lq,Lq\ = 0, [Lo,Io] = 0, [Tq,Tq] = ie^TQ, go is a subalgebra of 
g, isomorphic to g[ 2 (C). 

If (j> is an automorphism of g, then it preserves locally finite elements. So 
the restriction of 4> to go induces an automorphism of go- Observe that the 
center of go is CLq. So 4>{Lq) = aLo for some / a £ C. 

Since a [L , </>(£_„)] = [</>( L o),<t>(L- n )] = n<f>(L-. n ), </>(L_ n ) is a weight 
vector of Lq with weight ^ and all weights of Lq are integers, it follows ^ is 
an integer for all n. Hence a = ±1. □ 

Remark 5.1. Similar results hold for N = 1,2. 

Proposition 5.1. For N = 1,2,3 the Lie superalgebras Alg(/C/v,id) and 
Alg(/CjV) ^n) are not isomorphic. 

Proof. As mentioned above we only give an explicit prove in the case = 
3. Suppose that <f> : Alg(/C3,id) — > Alg(/C3,W3) is an isomorphism of Lie 
superalgebras. Then it induces an isomorphism on the even parts which by 
rigidity satisfies <j>(Lo) = ±Lq. But the eigenvalues of Lq in Alg(/C3,id)j are 
contained in | + Z, while the eigenvalues of 4>{Lq) = ±Lo in Alg(/C3, 
are all integers; a contradiction. □ 

6 A conjecture on representability 

Let A be one of the complex A-Lie conformal superalgebras, where N = 
1,2,3,4. (In particular, A = /Cat if N ^ 4. If N = 4 the description of 
A is given in detail in both [9J HQ]). Let C be an S/1Z- form of .4 <8>c 
Consider the corresponding 7£-group functor of automorphisms Aut(£) (see 
Remark 12. ip . The above construction for JV / 4 and that of [10] in the 
case N = 4 show that there is a suitable degree subspace V of £ such 
that C = © neN d n V since the descent data defining C preserves the suitable 
degree space C (&V (& S of A® S = C[d] (g>c V 0c <5. One can define in a 
natural way a subgroup functor GrAut(£) of Aut(£). 

Conjecture 6.1. If N ^ 4 the TZ- group functor GrAut(£) is representable 
by an a affine group scheme of finite type whose connected component of the 
identity is simple (in the sense of [15] ). 
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After a "differential" version of faithfully flat descent we may assume 
that C is split, that is C = A®c For N / 4 we have GrAut(£) = On,r, 
where this last denotes the orthogonal group On over Spec(i2). 

In view of [ID], for N = 4 the natural conjecture to make is that in the 
split case GrAut(£) = (SL^xSI^C)^)//^^ where SL2(C)r is the constant 
i?-group scheme with underlying (abstract) group SL^C), and /x 2 r embeds 
diagonally. We refrain, however, from making such a conjecture. 
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